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We performed a study using an empirical-based model reduction technique known as balanced proper

orthogonal decomposition. The technique, applicable to nonlinear systems, yields a set of basis functions that span a

proper orthogonal decomposition-based subspace capturing the essential input–output dynamics structure.

Projection of the original model on this subspace yields the balanced reduced-order model. In this study the

performance of the balanced reduced-order model is compared with the original high-order linear model, and the

dependence on the sampling parameters is studied. Even with a large number of snapshots, we show that at least 52

real states are needed for the balanced reduced-ordermodel to produce good performance. The sampling frequency

has to be high enough to cover twice the high-frequency modes of interest. We develop a novel algorithm, which in

linear systems is based on a direct decomposition of the discrete Hankel matrix. The algorithm serves as a

generalized balanced proper orthogonal decomposition scheme for input–outputmodel reduction. The algorithm is

especially efficient for a reduced number of snapshots and it suits nonlinear systemswell because the propagation of

the adjoint equation is not required. A single sample rate is found to be inadequate to cover both high- and low-end

frequencies. To reduce the number of snapshots significantly, we show that multiple sampling rates improve

performance dramatically.

I. Introduction

A MAJOR motivation for obtaining a balanced reduced-order
model (BROM) is for the design of a robust controller for large

dynamical systems. Flow control represents an important class of
such systems. For examples of these studies, see Joshi et al. [1,2],
Mahajan et al. [3], and Carlson et al. [4]. The first two papers deal
with spectral methods, and the last two papers deal with finite-
difference methods of computational fluid dynamics (CFD) systems.
Such a scope is very different from traditional analytical studies, such
as deriving evolution-type equations from the Navier–Stokes system
using parameter expansion and perturbation technique [5,6].
Significant interests have developed recently in using the empirical
approach. This approach also has a long history, traced back to the
Karhunen–Loeve expansion [7], more recently known as the proper
orthogonal decomposition (POD). For a control application to large
dynamical systems, a number of authors have extended themethod to
applications to input–output systems [8–10].

The empirical method based on the POD performs the order
reduction and input–output balance all together. By sampling the
flowfields excited by the internal dynamics, the POD-based
algorithm basically provides a subspace consisting of a set of POD-
based basis functions. The internal dynamics are not excited by
arbitrary initial states, but rather by prescribed input forcing. For
input–output systems, the empirically generated subspace has to
capture the dominant dynamical features. However, there is no
guarantee that the controllable and observable modes, upon
balancing, will capture all the essential dynamical properties. Our

focus of interest is the following: 1) determine the order of this
subspace that captures the dominant dynamical features, and
2) determine the projected input–output structure in the subspace that
preserves the original input–output structure. So far, there does not
seem to be many published analyses on the subject when it comes to
input–output systems. For instance, Willcox [8] indicated that the
airfoil response force to a pulse plunge input matches very well
between the BROMand the CFDmodel. Therefore, if the input is the
plunge pulse and the output is the response force, Willcox’s BROM
shows good performance. For other types of input–output
relationships, however, this model may have no bearing at all.
Carlson et al. [4] used the POD technique and demonstrated that a
ROM with two leading modes describing the trailing vortex
instability in the airfoil captures over 95% of the total flow kinetic
energy. In other words, it meets objective one of our focus of interest.
However, the results do not appear to be sufficient for capturing
major modes that dictate the observability (typically located at the
higher frequency band). Lall et al. [9] pioneered applying the POD to
nonlinear systems. Again, there is no available example to
demonstrate and compare the detailed structure between the ROM
and the infinite-dimensional model. Rowley [10] investigated a
Poiseuille flow stability problem like ours, but with a different
emphasis.

In this study, our goal is to obtain reasonable performance by
comparing theBROMwith the original high-ordermodel by using as
small a number of snapshots as possible. With the frequency band of
interest picked to represent the input–output dynamics of interest, we
relate the Nyquist frequency and the lowest frequency to the
sampling time interval as well as the number of snapshots (samples).
A generalized POD scheme that employs the discrete Hankel matrix
is provided. The results demonstrate a tradeoff of the computational
efficiency (a small number of snapshots) versus performance
(matching Bode plots between BROM and the original model).
Performance of the BROMdepends on the number of reduced states,
sample time interval size, and the number of samples (each sample is
a snapshot). The sampling parameters ultimately are related to the
Nyquist frequency and the lowest modal frequency of interest. To
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reduce the number of snapshots but to accommodate the whole
frequency band, we try sampling the empirical data at multiple rates.

II. Governing Equations for Two-Dimensional Linear
Disturbance in a Poiseuille Channel Flow

The two-dimensional plane Poiseuille flowfield stability is
described by �u; v; p� where u�x; y; t� and v�x; y; t� are the
horizontal and vertical perturbation velocities, respectively, and
p�x; y; t� is the pressure perturbation. The perturbations are
linearized about a steady mean flow U�y� � �1 � y2� and Uy
denotes its vertical gradient. For an infinite horizontal layer, the
perturbation fields are Fourier decomposed according to
u�x;y;t��1

2
u�y;t�exp�ikx��c:c:, v�x;y;t��1

2
v�y;t�exp�ikx��c:c:,

and p�x; y; t� � 1
2
p�y; t� exp�ikx� � c:c: (where c.c. denotes

complex conjugate. The same notations u, v, and p are used for
both field andmodal variables to cut down on the number of symbols
used). The momentum equations are

@tu� ikUu�Uyv��ikp�
1

Re
�D2 � k2�u;

@tv� ikUv��Dp�
1

Re
�D2 � k2�v

(1)

where k is the wave number along the x direction andD denotes the
derivative with respect to y. The flowfield satisfies the
incompressible mass conversation equation

iku�Dv� 0 (2)

The control problem uses pumping and suction at the lower wall as
actuation, and so v��1; t� � ��t�where ��t� is the prescribed control
action. The boundary conditions are nonslip on the upper and lower
walls, nonpenetration on upper wall, and pumping and suction on
the lower wall, respectively,

u��1; t� � 0; v�1; t� � 0; v��1; t� � ��t� (3)

The mass constraint is automatically satisfied by defining the stream
function ��y; t� according to u�r � �k��, where u� �u; v; 0� is
the perturbation velocity and k is the unit vector along the z axis. In
scalar form, we have �

u

v

�
�
�
D

�ik

�
� (4)

Substituting u, v for � in Eq. (1), we cross differentiate the two
equations to eliminate pressure. The resulting equation is the well-
known Orr–Sommerfeld equation:

�@t �Uik��D2 � k2��� ikUyy��
1

Re
�D2 � k2�2� (5)

� is subjected to the boundary conditions

D���1; t� � 0; ��1; t� � 0; �ik���1; t� � ��t� (6)

For most of the results presented, the measurement is the shear stress
at the lower wall, �w�t� � 1

Re
�Du�y; t�jy��1 � ikv��1; t��, so

�w�t� �
1

Re
�D2 � k2���y; t�jy��1 (7)

The Orr–Sommerfeld equation gives ��y; t�, which in turn
determines the velocity field by Eq. (4).

The above infinite-dimensional system can be converted to the
finite standard state-space form. A detailed description of the
conversion methods based on the spectral techniques can be found in
Or et al. [11].

III. POD-Based Empirical Balanced Order Reduction

The algorithm presented here can be viewed as an extended
version that generalizes those presented in Lall et al. [9],Willcox and

Peraire [8], and Rowley [10]. The algorithm can be adapted to be
used directly for the nonlinear partial differential systems. The
treatment of the controllability Gramian is straight forward. The
subtlety is in the treatment of the observability Gramian. This
algorithm is primarily designed for the use of nonlinear systems and
for this reason the adjoint equation is not required.

A. Development of the Controllability Gramian

Consider the input controls to be a time-delta function with a
spatial shape compatible with the disturbance mode shape. These
control inputs should be rich enough to stimulate the nonlinear partial
differential system representing the flowfield.

The sampled outputs probe the internal state of the dynamics.
These can be the velocity field at grid points for the momentum
equations or the stream function field for the Orr–Sommerfeld
equation. In the case of the spectral decomposed system, these can be
the Chebyshev–Fourier coefficients of the corresponding fields.
Furthermore, to reduce the dimension we treat the complex field. A
set of snapshots are collected in time t1; t2; . . . ; tmc . The snapshots
due to the control impulses are represented as the controlled data
matrix

X

��x1�t1�; . . .;x1�tmc�; . . .;x2�t1�; . . .;x2�tmc �; . . .;xp�t1�; . . .;xp�tmc�	
(8)

where p is the number of control inputs and the response to each
control is applied separately; x�tj� � �xi�tj�; i� 1; . . . ; p	 is an N-
dimensional vector andN is the number of physical grid points or the
number of modal coefficients for each control impulse. Therefore,X
is an N �mcp matrix. The number of snapshots depends on the
frequency band that is to be captured. At the high-frequency end, the
sample rate is dictated by theNyquest criterion.At the low-frequency
end, the sampled time interval must be large enough to capture the
slowest modes. These extremes dictate the number of samples or
snapshots needed. If mcp
 N, then the method of Lall et al. [9] is
appropriate. If mcp� N, then the method to be described is
computationally efficient. The latter case is the focus of the paper.

From the controlled data matrix, we form a correlation matrix
Rc � XX� (the superscript� denotes the transpose of the complex
conjugate).Consider a linear dynamical system x�tj� ���tj; t0�B,
where ��tj; t0� is the transition matrix. Note that, due to the initial
impulse control, the solution is the result of using the N � p input
matrixB as the initial condition into the unforced dynamical system
[10]. Furthermore, the correlation matrix Rc can be written as

R c � XX� �
Xp
i�1

Xmc
j�1

xi�tj�x�i �tj� �
Xmc
j�1

��tj; t0�BB���tj; t0��

(9)

This correlation matrix Rc is an empirical, finite, and time-discrete
version of the N � N controllability Gramian Wc.

Next we consider constructing the eigenvalues and eigenvectors
for Rc. Note that, for the Hermitian matrix Rc, the eigenvalues are
nonnegative and equal to the singular values. The rank of Rc is
Na � mcp. The eigenvectors are the basis vectors in the singular-
value decomposition. First, we determine the N-dimensional
eigenvectors vcj , associated with the positive eigenvalues of Rc,

R cvcj � XX�vcj � �jvcj ; j� 1; . . . ; Na (10)

In the algorithms commonly used, alternatively, a set of mcp-
dimensional eigenvectors ucj can be constructed as

X �Xucj � �jucj ; j� 1; . . . ; Na � mcp (11)

The eigenvalues �j are the same in Eqs. (10) and (11). The
relationship between the eigenvectors vcj and ucj are obtained if

Eq. (11) is multiplied on the left by X as

OR, SPEYER, AND CARLSON 323



�XX��Xucj � �jXucj ; j� 1; . . . ; Na � mcp (12)

Comparing the previous equation with Eq. (10) and choosing ucj to
be orthonormal, then

v cj � Xucj=
�����
�j

q
(13)

where the orthonormal condition gives

v �cjvcj � u�cjX
�Xucj=�j � u�cjucj � 1 (14)

B. Observability Gramian and the Decomposition of the Hankel

Matrix

The normalized basis vectors vck are introduced into the partial
differential system as initial conditions. These bases form a subspace
associated with the dominant controllability eigenvalues. Let the
dimension of this subspace beNc � Na � mcp, whereNc represents
the dominate eigenvalues of the controllabilityGramian. The outputs
from the measurement equation yk�tj� �Cxk�tj� (C is a q � N-
dimensional output matrix), where yk�tj�, k� 1; . . .Nc, j�
1; . . . ; mo are propagated for each initial condition vck , k� 1; . . .Nc,
where xk�tj� ���tj; t0�vck and recorded as a set of snapshots for
times t1; t2; . . . tmo . The elements of output yk�tj� are the outputs
yik�tj� (where i� 1; . . . ; q, k� 1; . . . ; Nc, and j� 1; . . . ; mo) and
are related to linear theory as

�Y1; . . . ; YNc
	

�

y11�t1� . . . y1Nc �t1�
: : :

y11�tmo� . . . y1Nc�tmo �
y12�t1� :: y2Nc �t1�

: : :

y21�tmo� . . . y2Nc�tmo �
: : :

yq1�t1� :: yqNc�t1�
: : :

yq1�tmo� . . . yqNc �tmo �

2
666666666666664

3
777777777777775

C1��t1; t0�
:

C1��tmo ; t0�
C2��t1; t0�

:

C2��tmo ; t0�
:

Cq��t1; t0�
:

Cq��tmo ; t0�

2
666666666666664

3
777777777777775

�vc1 
 
 
 vcNc 	

(15)

where C is a q � N matrix. The data matrix of yik�tj� has the
dimension moq � Nc.

Note that Yi is related to the observability Gramian the following
way:

Y �i Yj � v�ci

�Xmo
j

��tj; t0��C�C��tj; t0�
�
vcj � v�ciWovcj (16)

We denote Y � �Y1; . . . ;YNc
	. Then, Y�Y � V�WoV, where V �

�vc1 
 
 
 vcNc 	 is N � Nc and V�V � I.
Rather than reducing V�WoV, we follow the result of Rowley

[10] and exploit the structure ofY instead. FromEq. (15) note that the
observed data matrix, denoted byY� (which can also be obtained by
sampling the propagating adjoint state equation), is contained in the
first matrix on the right-hand side of Eq. (15). Equation (15) is
denoted as

Y � Y�V (17)

where the empirical version of the observability Gramian Wo is
given by Ro � YY�. However, from Eq. (13), V is related to
U� �uc1 ; . . . ;ucNc 	 as V � XU��1=2, where the last is a diagonal

matrix consisting of entries �i. Equation (17) becomes

Y � �Y�X�U��1=2

Inverting the equation gives

Y �X � Y�1=2U� (18)

The quantity on the left-hand side, Y�X , is the discrete form of the
Hankel matrix with the dimension moq � Nc, the size of the
snapshots for the control and the measurements, not the size of the
internal states. Because Y, U, and� are known, this quantity can be
obtained. This algorithm does not require us to provide the
measurement matrix C [see Eq. (15) explicitly], as required when
using the adjoint equation. In the CFD-based model, the discrete
Hankel matrix can be computed via themeasured data rather than via
model data.

Following Rowley [10], we decompose Y�X to determine the
balanced POD basis functions as

Y �X � ~U� ~V� � � ~U1
~U2	

�1 0

0 0

� ��
~V�1
~V�2

�
� ~U1�1

~V�1 (19)

where the dimension of�1 is r � r and r is essentially the rank of the
discrete Hankel matrix Y�X .�1 can be decomposed even further if
only the largest singular values in�1 are retained in constructing the
balanced POD basis functions. As given in Eq. [10], the PODmodes
are given by P (with dimension N � r), where

P � � ~p1; . . . ; ~pr	 � X ~V1�
�1=2
1 (20)

For linear systems, the partial differential system corresponds to
the state space �A;B;C� with the N-dimensional state vector x.
Then, the reduced-order state-space system with r-dimensional state
vector xr is given by

_x r � �P#AP�xr � �P#B�u; y � �CP�xr (21)

where P# is the pseudoinverse of P. Note that P#B and CP are a
balanced form.

If the adjoint equation is available [10], we can integrate (A�,C�)
in the same way as �A;B�, which yields the observed data matrix Y:

Y

��x1�t1�; . . .;x1�tmo�; . . .;x2�t1�; . . .;x2�tmo �; . . .;xq�t1�; . . .;xq�tmo �	
(22)

Although the method presented is justified in terms of a linear
system, the motivation in creating this method is that it is applicable
to nonlinear systems in a heuristic sense. However, because
superposition is not valid for nonlinear systems, the number of
control combinations in Eq. (8) should be made richer by putting in
various combinations of the controls.

IV. Results

We begin by addressing the two main sampling parameters: the
number of snapshots,Nc (equal toNo); and the number of integrated
time steps between successive samples, Ni. It becomes clear that Nc
is related to the lowest frequency of interest, f0, and Ni is related to
the highest frequency of interest, f1, in the input–output transfer
functions. The sampling frequency, fs (Hz), is twice the highest
frequency of interest, which is the Nyquist cutoff frequency, fc (Hz).
The sampling interval isNi�t (where�t is the integration time step).
From theNyquist frequency fc � �2Ni�t��1, the number of samples
are Nc � fs=�f0=2� � 2�Nif0�t��1. Take, for example, the lowest
frequency at Re� 104 and k� 1, f0 � 0:237=�2�� � 0:0377. Let
the time step �t� 0:01. It is determined that the best sampling
interval is below 3�t. For Ni � 3, fs � 1=�3�� � 33:33, the
Nyquist frequency, fc � 16:67 and the number of snapshots is
2fs=f0 � 1767. Therefore, around 2000 snapshots are required.

We will first show some numerical results at this large number of
snapshots to establish the best performance possible with the
empirical algorithm. After this, we will focus on developing a
sampling scheme that uses as few snapshots as possible while
maintaining a decent performance. For this purpose, multiple
sampling interval sizes will be used to cover the low- as well as the
high-frequency bands.
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It is worth noting how the leading eigenvalues are affected by the
truncation effects of the original model. Table 1 shows the first three
eigenvalues at the critical point (determined to be approximately
k� 1:02 and Re� 5772:22). The result in Table 1 suggests that 16
Chebyshev modes are insufficient. However, a convergent trend is
evident from 32 to 128 complex modes. The order of the states is
doubled by converting the complex to the real system. The
eigenvalues in the real system are in complex conjugate pairs [see
Eq. (23)]. Next, we compare the neutral stability boundary in the
wave number–Reynolds number (the so-called neutral curve)
between the original model and the BROM of 26 complex modes.
The dashed curve in Fig. 1 represents the theoretical boundary based
on the linear theory that separates the stable (below the curve) from
the unstable region (above the curve). The critical point is
approximately determined to be k� 1:02 and Re� 5772:22. For
each wave number k, we perform the model reduction for several
Reynolds numbers that span the stable and unstable ranges, then we
interpolate the data to obtain a crossover value of Re for k. This
produces the solid curve (the data points are marked by ○ in the
figure). A very good match between the neutral curve of the BROM
and the theoretical curve is obtained for the twobranches a significant
distance from the critical-point minimum region. There is quite a bit
of distortion near the critical point. We conclude that the BROM
captures the linear stability boundary with some distortion in the
region of the critical point.

To show whether the POD basis functions form a subspace in
which the projections of the input and output vectors adequately
retain the original structure, we have to turn to comparing the input-
to-output transfer functions. It appears that for physical
interpretations the gain-phase plots in the frequency domain are
the easiest choice. However, we have to convert the complex state
space to the real state space. For any complex vector or matrix a, the
conversion is

a ! Re�a� Im�a�
Im�a� Re�a�

� �
(23)

The real system has doubled the dimensions of the complex system.
A complex single-input, single-output system becomes a two-inputs,
two-outputs system. We show only the case for k� 1:0 and
Re� 104, because results near the critical point are found to be

sufficiently similar. We use �t� 0:0075, Ni � 3, which gives a
sampling interval of about 0.2. We use a large number of snapshots,
with Nc � N0 � 2000. These sampling parameters gives f0 �
0:038 Hz and fc � 22:2 Hz. Figure 2 compared the Bode plots for
the gain (dB) and phase (deg) between the original model (256 real
states, NT � 128) and the BROM (52 real states, Nr � 26). The
Bode plots show a frequency range from 10�1 to 101. The left column
shows the in-channel (input-to-output: 1-to-1 or 2-to-2) gain and
phase plots and the right column shows the cross-channel (input-to-
output: 1-to-2 or 2-to-1) gain. The solid curves represent the BROM
model and the dashed curves represent the original model. The gain-
phase curves visually overlap those of the original model. The
resonance peak occurs at f� 0:038 Hz. Note that the in-channel
versus cross-channel gains behave quite differently at higher
frequencies. The in-channel gain has a roll off but the cross-channel
gain appears to settle at a constant value. The different behavior is
due to the fact that the shear stress measurement has the same phase
as the stream function, which has a 90 deg complex phase shift from
the control quantity, which is the pumping-and-suction velocity.
Both quantities are evaluated at the lower wall.

We demonstrate that, for large number of snapshots, the BROM
adequately captures the input–output transfer functions of the
original model. However, the performance starts to deteriorate if we
reduce the number of states. We are convinced that 26 POD modes
are required to resolve the controllability and observability
structures, and these structures require modes of high-frequency
content, so that is the reason we require 26 modes. However, for
computational efficiency, the number of snapshots to be processed
posts significant constraints. Hereafter, we investigate how to reduce
the number of snapshots but maintain reasonable performance.

We have run a large number of pole-zero maps and Bode plots of
theBROM, by keeping the originalmodel atRe� 104 and k� 1 and
NT � 128, but varying the sampling parameters, the sampling
interval Ni�, and the number of snapshots Nc � N0. Finally, while
maintaining the same overall number of snapshots, two sampling
intervals were used, one short and one long, to capture high and low
frequencies. We describe our finding qualitatively as follows. First,
we varied the sampling interval size from 0.01 to 0.3 and found little
change in the Bode plots. It is crucial that we pick a sampling interval
so that the Nyquist frequency covers the high-frequency dynamics
modes of interest, but the data set is long enough to capture the lower
frequencies.

The resonance peak is at 0.038 Hz. The imaginary parts of the
poles and the zeros of the original model are bounded by 1 Hz. The
real parts, however, extend to negative infinity. When we refer to the
sampling frequency and the high-frequency modes, we refer to the
frequency domain of the Bode plots. At first glance, we anticipated
that a large sampling interval would capture the low-frequency
dynamics and would use fewer snapshots. However, we observe that
the gain-phase plots start to deteriorate significantly at as soon as the
sampling interval size exceeds, say, 0.05, afterwhich improvement is
unlikely even if more snapshots are used. Further, the deterioration is
not restricted to the higher-frequency behavior, but also extends to
the low-frequency gain and phase values and is especially bad in the
cross-channel Bode plots. One characterization of the reduced-order
model properties is provided by the pole-zero structure near the
imaginary axis. This region exhibits sensitivity to the sampling
interval size. When the sampling interval size is too large or there are
not enough snapshots, we observe a significant sensitivity of the
poles and the number of zeros, as well as their locations near the
imaginary axis of the s plane. An extra pair of poles or numerous
pairs of zeros can cross to the right-hand side of the s plane.

Table 1 First three poles at the critical point k� 1:02, Re� 5772:22 in the state-space model

NT First pole Second pole Third pole

16 0:0122479812 � 0:2767468227i �0:0149461215 � 0:335789765i �0:017587466 � 0:94199991i
32 8:12019628e � 07 � 0:269202225i �0:0462116529 � 0:97243526i �0:0591957158 � 0:327427817i
64 �5:83647376e � 08 � 0:269215086i �0:0466573001 � 0:972972137i �0:0587615364 � 0:327639470i
128 �3:14544188e � 07 � 0:269215119i �0:0466929831 � 0:97299626i �0:0587616280� 0:32763953i
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Fig. 1 Neutral stability curve: theoretical (dashed) and empirical

(solid).
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As previously pointed out, it requires on the order of (103)
snapshots based on a sampling interval of 0.03 to cover both the high
frequency of 16 Hz and the low frequency of 0.016 Hz. If we use two
sampling intervals, one at 0.03 as before but the other, say, 10 times
as large, we may be able to trim down the size of the number of

snapshots required. The data matrices remain the same. Basically,
now half of the columns of X in Eq. (8) and of Y in Eq. (15) are
sampling at a high rate and the other half at a low rate. The balancing
and reduction scheme for BROM remains unchanged. Hereafter, we
present the results.
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Fig. 2 Bode plot with a single sample rate: original model (dashed, 256 real states) and empirical (solid).
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Fig. 3 Bode plot with double sample rates: original model (dashed, 256 real states) and empirical BROM (solid).
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Figure 3 shows the in-channel and cross-channel Bode plots for
the two sample rates. The number of snapshots has been dramatically
reduced. The way the data is presented remains the same as in Fig. 2.
For convenience, we have wrapped the phase plots so that the curves
remain in the principal domain from 0 to 360 deg. In sampling, we
use 50 snapshots corresponding to the high sampling rate of 0.03 and
another 50 snapshots corresponding to the low sampling rate of 0.3.
The frequency range targeted is from 10�2 to 101. This range is
considered adequate to capture the input–output dynamics of
interest. The agreement shown between the two sets of curves are
fairly good, suggesting that the order of the BROM is adequate.

For additional insight into the BROM behavior, we provide the
pole-zeromaps of four cases of interest. Because of symmetry, Fig. 4
shows only the upper-half plane poles (X) and zeros (○) near the
imaginary axis. This is the region that displayed sensitivity to the
sampling parameters used to obtain the BROM. Figure 4a shows the
pole-zero distribution of the original model (256 real states). There
are many pole-zero cancellations, and some important high-
frequency poles and zeros are not captured in the plotting scale.
Fiures. 4b–4d correspond to the BROM. Figure 4b shows the
distribution based on 26 complex states. The sampling interval is
0.03 and 2000 snapshots are used. Figure 4c shows the distribution
with the same sampling interval and number of snapshots but the
number of states is reduced to 21. Figure 4d shows the distribution
with two sampling intervals, with 50 snapshots sampled at 0.03 and
the other 50 snapshots sampled at 0.3; 26 complex states are used.
The Bode plots for all panels except Fig. 4c are shown in Figs. 2 and
3.With 21 states, the gain and phase perform quite poorly, especially
for the cross-channel gain and phase. Inspecting Fig. 4 and
comparing Figs. 4c and 4d suggests that certain important poles are
not captured. Note that the balancing technique tends only to
preserve the original modes near the imaginary axis.

V. Conclusions

We use the Poiseuille channel flow stability problem that inputs
wall pumping-and-suction control and outputs wall shear stress

measurements for our empirical balancedmodel reduction study.We
develop a novel algorithm based on a direct decomposition of the
discrete Hankel matrix. The algorithm serves as a generalized
balanced PODscheme for input–outputmodel reduction, which suits
nonlinear systems well (no adjoint equation is necessary) and is
especially convenient and computationally efficient for a small
number of snapshots.

Using a large number of snapshots to benchmark the performance
of the BROM, the evaluation results include the reconstruction of the
neutral stability curve based on the reduced-order system and a
comparison of the input-to-output transfer functions of the BROM
against the original model (in gain-phase and pole-zero plots).
Somewhat contrary to the common notion that only a few POD basis
functions are sufficient, this problem requires 52 real states to
achieve a good agreement between the original and the reduced
system.Moreover, the sampling interval size is restricted by the high-
end frequency governed by the input–output structure rather than the
low frequency of the dynamics of interest.

For computational efficiency, especially for CFD-basedmodels, it
is highly desirable to reduce the number of snapshots required for
maintaining a reasonable level of performance. We investigate a
large number of gain-phase and pole-zero plots by changing the
sampling parameters. We conclude that a single sampling rate is
unable to achieve good performance for a relatively small number of
snapshots, that is, on the order of 10–100, and certainly not 1000.We
demonstrate that sampling at two interval sizes allows the total
number of snapshots to be reduced dramatically, from a couple of
thousand snapshots to 100 snapshots. The dual sampling frequencies
serve to patch together the high and low ends.
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